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We propose the multiband extension of the spin-fermion model to address the superconducting d-
wave pairing due to magnetic interaction near critical point. We solve the unrestricted gap equation
with a general d-wave symmetry gap and find that divergent magnetic correlation length ξ leads
to the very unharmonic shape of the gap function with shallow gap regions near nodes. These
regions are extremely sensitive to disorder. Small impurity concentration induces substantial residual
density of states. We argue that we can understand the large Nres(0) = limT→0 Cp(T )/T value and
its pressure dependence of the recently discovered CeRhIn5 superconductor under pressure within
this approach.
PACS numbers: 74.20,74.20-z,74.50
Recent discovery of superconductivity in
CeMIn5(M = Co,Rh, Ir)
1,2 has spurred renewed in-
terest of heavy fermion systems and about the nature of
its superconductivity. The rich phase diagram of these
compounds and the tunability by pressure and chemical
substitution of the transition metal elements3 provide
valuable information about the competetion/interplay
between the magnetism and superconductivity and per-
haps a possible quantum criticality as a unifying origin
of the phase diagram of these compounds4. While the
complete understanding of the phase diagram and the
underlying mechanism for the magnetism and the super-
conductivity is still lacking, there are many details of
thermodynamic and transport properties of each phase
in these materials which need to be understood: large
remnant Nres(0) = limT→0 Cp(T )/T values both in mag-
netic and in superconducting phases5, the weak first
order transition to superconductivity in CeRhIn5
5, a
unidentified new phase inside the mixed state6, a strong
deviation of ∆C(Tc)/C(Tc) from BCS value and its pres-
sure dependence5,7 etc.
Motivated by CeRhIn5 experiment
5, in this paper we
examined possible conditions for a d-wave superconduc-
tors (1) to create a substantial density of states (DOS) in
superconducting phase with a small impurity concentra-
tion, and (2) to have a large variation of it as a function
of pressure while keeping the constant Tc
5.
The Nres(0) value at 16.5kbar seen experimentally is
almost half of the normal state N(0)5. From the pre-
vious studies8, it is required to have a large amount
of impurities in order to create large Nres(0) by mag-
netic/nonmagnetic isotropic impurity in the supercon-
ducting state with lines of nodes9 (the normal state scat-
tering rate Γ should be about Γ/∆0 ≥ 0.5 with Born scat-
terer and Γ/∆0 ≥ 0.1 with a unitary scatterer10). Even
more intriguing is the pressure dependence of Nres(0); it
varies from almost the half of the normal state N(0) at
16.5 kbar to almost zero value at 21 kbar in one sample.
Assuming a simple form of d-wave paring ∆0(cos(kx) −
cos(ky)), such a large variation of Nres(0) in the same
sample requires extremely sharp increase of ∆0 with in-
creasing pressure. This would be difficult to reconcile
with almost constant Tc values between 16 ∼ 21 kbar5.
To address these questions we need a microscopic
model for the superconducting state in CeMIn5 materi-
als. From the phase diagram of these materials1−5 and
from the thermal conductivity measurement indicating
the unconventional pairing with lines of nodes9, we ar-
gue that it is highly plausible that the superconductivity
is mediated by the magnetic fluctuations4,11. We propose
a multiband generalization of the spin-fermion model12
where localized Ce spins ~S are interacting with the con-
duction electrons (predominantly d band of In) via the
Kondo exchange coupling J . In mixed momentum and
real space representation the Hamiltonian is written as
H =
∑
k,α
c†α(k)ε(k)cα(k) +
∑
r,α,β
J~S(r) · c†α(r)~σαβcβ(r) +HS
(1)
where the first term is a kinetic energy and the sec-
ond describes the Kondo exchange between Ce spins and
conduction electron spin density. The last term repre-
sents an effective low energy Hamiltonian for the local-
ized spins. The dynamics of the localized spins without
long range AFM order coupled with conduction electrons
is well captured by the spin correlation function13–15,
χ(q, ω) = δij〈Si(q, ω)Sj(q,−ω)〉 = V0iω/ω0+ξ−2(q−Q)2+1 ,
where ω0 is a spin relaxation energy scale, Q is the 2-
dimensional antiferromagnetic vector, and ξ is the mag-
netic correlation length. The physics of this model for a
one band case has been investigated for a long time14,15.
It is important to mention that the spin-fermion model of
our multiband case is different in the following aspects:
(1) the effective spin-fermion coupling should be much
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weaker12 than that of the one band model. One impor-
tant consequence of it is that the relaxational energy scale
ω0 is much larger than that of the one band case ωsf
13,15;
(2) more importantly, while the ξ ≫ a limit can not be
reached in the self-consistent one band model without
deforming the FS topology of the conduction band16, in
the two band model in conjunction with the weak cou-
pling above mentioned, the ξ ≫ a limit doesn’t neces-
sarily modify the conduction band Fermi surface12; (3)
below Tc, however, the spin fluctuation damping ω0 is
suppressed for ω < 2∆sc, thus modifying the spin fluc-
tuations spectrum. This effect should be dealt with in
the fully self-consistent Eliashberg equation. In our weak
coupling BCS approximation, this effect is ignored and
justified by the fact ∆sc < ω0 a posteriori.
The phase diagram for this material5 suggests that ξ
becomes gradually shorter away from the phase bound-
ary (Pc ∼ 15kbar) toward the higher pressure. Then
the basic feature of the magnetic fluctuations mediated
potential is that near critical point with divergent ξ
V (q) ≡ χ(q, ω = 0) is sharply peaked around the an-
tiferromagnetic wave vector ~q ∼ ~Q without much tail
at other ~q values. With this potential the d-wave gap
becomes mostly confined near the antinodal points and
the gap in the nodal regions becomes shallow17. Upon
decreasing the correlation length ξ, the potential has a
longer tail extending outside the ~Q vector. As a result
the gap function approaches a simple harmonic function
∼ (cos(kx)−cos(ky)) with a constant slope of the gap over
most of the Fermi surface (FS). In this paper we show
that the OP slope of the nodal region is very sensitive to
the shape of the pairing potential (see Fig.1(a)-(b)) and
the shallow gap near nodal points leads to the enhanced
sensitivity to disorder so that only small amount of im-
purities is required to produce substantial residual DOS
Nres(0). To capture this detailed shape of the d-wave OP,
we solved the unrestricted gap equation with only keep-
ing the general d-wave symmetry. Then we study the im-
purity effects using T-matrix approximation to calculate
the impurity-induced DOS Nres(ω) in the superconduct-
ing state.
Formalism. For CeRhIn5 we assume ∆0 < ω0. This
allows us to use a weak coupling BCS gap equation of the
spin-fermion model for the d-wave pairing14. For sim-
plicity, we assume a circular FS in two dimensions and
integrate out the perpendicular component of momen-
tum up to the BCS cut-off energy ωD, which is naturally
provided by ω0 in our model. The effect of the impurity
scattering is included within T-matrix approxiamtion8.
For particle-hole symmetric case T3 = 0, and for d-wave
OP with isotropic scattering T1 = 0 (also without loss
of generality we can choose T2 = 0 by U(1) symmetry).
Then we need to calculate only T0(ω). Self energy is given
Σ0 = ΓT0, where Γ = ni/πN0, N0 the normal DOS at
the Fermi energy, ni the impurity concentration. Scatter-
ing strength parameter c is related with the s-wave phase
shift δ as c = tan−1(δ). Now T0(ωn) =
g0(ωn)
[c2−g2
0
(ωn)]
, where
g0(ωn) =
1
πN0
∑
k
i˜ωn
ω˜2
n
+ǫ2
k
+∆(k)
, ω˜n = ωn + Σ0. With this
T0 the following gap equation is solved self-consistently.
∆(φ) = −N0
∫
dφ
′
2π
V (φ− φ′ ) · F (φ′)
·T
∑
ωn
∫ ωD
−ωD
dǫ
∆(φ
′
)
ω˜2n + ǫ
2
k +∆(k)
. (2)
Unlike the previous calculations of d-wave pairing,
we assume no particular functional form for ∆(φ) ex-
cept imposing D2 symmetry; namely ∆(nπ/4) = 0(n =
1, 3, 5, 7), ∆(φ) = ∆(φ ± π), and ∆(φ) = −∆(φ ± π/2).
Therefore the gap equation can produce the most general
d-wave symmetry gap solution for a given pairing poten-
tial. The pairing potential is proportional to the static
limit of χ(q, ω = 0) ∼ 1(q−Q)2+ξ−2 , which is parameter-
ized as follows.
V (δφ) = Vd(b)
b2
(δφ± π/2)2 + b2 . (3)
where the Lorenzian part is normalized and Vd(b) de-
termines the total coupling strength. Apparently the
parameter b is proportional to ξ−1, normalized in the
circular Fermi surface (ξ ∼ aπ/b; a is the lattice param-
eter). Both ξ and Vd(b) are functions of pressure. We
numerically determine Vd(b) to make Tc constant in ac-
cord with CeRhIn5 experiment
5. Finally, we introduce
the FS weighting function F (φ) = cosβ(2φ) to correct
the artifact of the circular FS and to mimic the impor-
tant aspect of real FS topology18.
Results. In all calculations we use ωD = 1, which
also serves the unit energy. In Fig.1(a) we show the nor-
malized pairing potentials V (φ)/Vd(b) as a function of b
for illustration. In Fig.1(b) the solutions of ∆(φ) for the
Born limit scatterer (c = 1,Γ = 0.05) are shown for the
potentials shown in Fig.1(a).
The self-consistently determined T0(ωn) is analytically
continued to real frequency using Pade approximant19
to calculate the self-energy (Σ0(ω + iη)). Then N(0) =
1
π
∑
k ImG0(ω, k) is calculated. In Fig.2.a-b we plot
ImΣ0(ω) for both Born and unitary limits for poten-
tials with different b ∼ ξ−1 shown in Fig.1. There is
no resonance at Fermi level for Born limit scatterer as
known, but the scattering rate γ = ImΣ0(ω = 0) in-
creases as the gap of nodal region becomes flatter, and
for all cases for |ω| > ∆0 it approaches the normal scat-
tering rate ΓN = Γ/(c
2 + 1) = 0.025. As a result the
residual DOS Nres(ω = 0) (see the Fig.3.a) sharply in-
creases with flatter gap region. On the other hand, for
the case of unitary scatterer (Fig.2.b) there is a resonance
at the Fermi level for all cases, but the strength of this
scattering rate γ has opposite trend in contrast to the
Born limit; the flatter the gap is, the smaller γ is. This
is because the self-consistent equations are different for
each case: γ = Γn0/c
2 for Born limit and γ = Γ/n0 for
unitary limit (n0 =<
γ√
γ2+∆(φ)
>). Also for |ω| > ∆0 it
2
approaches the normal scattering rate ΓN = Γ = 0.005.
Nevertheless for both cases even small value of γ is suf-
ficient to create the substantial Nres(0) at Fermi level
when the gap is shallow near nodes. This is seen in
Fig.3.a-b which plots the normalized DOS, N(ω)/N0, for
both Born and the unitary limits. The clearly seen trend
is that the longer magnetic correlation ξ produces a more
residual DOS, N(ω)/N0 for a same amount of impurities.
Fig.4(a) summarizes this trend, shows plots of N(ω =
0)/N0 as a function of b (∼ P ) for both impurity cases.
The result shows that the Born limit scatterer has a
stronger dependence on pressure compared to the uni-
tary scatterer. This is because of the opposite trend of
γ in unitary scatterer due to the resonant pole. In com-
parison to the experimental data of Nres(0)
5(shown in
Fig.4(b)), the Born scatterer fits the data better.
In Fig.5 we show Tc suppression as a function of im-
purity scattering parameter Γ for both Born (c = 1) and
unitary (c = 0) limits for the representative potentials
(b = 0.1). The impurity scattering parameters used in
our calculations gives (Tc(Γ) − Tc0)/Tc0 suppression of
at most a few % from Fig.5.(unitary limit 0.8%, Born
limit 4%). In passing we note Γcrit/∆0 is about 50%
larger than the simple cos(2φ) type d-wave result8 both
for Born and the unitary cases. This means that the un-
restricted gap equation can find a more optimized gap
solution up to higher temperature compared to the fixed
form of ∆0 cos(2φ) solution.
In summary, in this paper, we propose a multiband
spin-fermion model as a description of the pairing in
CeMIn5 materials. Motivated by the phase diagram of
these materials, we assume that the magnetic correlation
length ξ decreases with pressure and the functional shape
of the magnetic fluctuations mediated pairing potential is
changing. Using this potential we show that the slope of
the gap near nodes can be sharply changed. This strong
change of the slope can explain the pressure dependence
of Nres(0)/N0 as well as the large value of it in CeRhIn5
superconductor5 close to the quantum critical limit of
ξ →∞ with a small amount of impurity.
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FIG. 1. (a) The normalized pairing potential V (φ)/Vd(b) as
a function of the exchange momentum φ, for different values
of b(∼ ξ−1). In increasing order of potential width, b=0.02,
0.04, .... 0.2. φ = π/2 is the AFM peak momentum ~Q. Inset
is the Vd(b) which is numerically determined to make Tc con-
stant. The trend is that the potential height is decreasing as
ξ becomes shorter (or the pressure increases) and the width is
increasing. (b)The OP solutions ∆(φ) for pairing potentials
shown in (a) with impurities (Born limit c = 1 and Γ = 0.05)
for all cases. In decreasing order of potential width, ∆(φ)
becomes flatter near node. This trend of the flatter gap near
node approaching the magnetic phase (the longer ξ) is also
observed in the high Tc superconductors
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FIG. 2. (a) The imaginary part of self-energy ImΣ0(ω) for
different pairing potentials shown in Fig.1. with Born limit
scatterer (c = 1 and Γ = 0.05). With increasing potential
width, γ = ImΣ0(ω = 0) decreases.; (b) the same as (a) with
the unitary scatterer (c = 0 and Γ = 0.005). With increasing
potential width, γ increases.
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FIG. 3. (a) The normalized DOS N(ω)/N0 for different
pairing potentials as shown in Fig.1. with Born limit scat-
terer (c = 1 and Γ = 0.05). With increased potential width
N(ω)/N0 decreases. Inset: with β = 4 and Γ = 0.06. (b) the
same as (a) with the unitary scatterer (c = 0 and Γ = 0.005).
With increased potential width N(ω)/N0 decreases. Inset:
with β = 4 and Γ = 0.006.
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FIG. 4. (a) The normalized DOS N(ω = 0)/N0 as a func-
tion of b (∼ ξ−1 ∼ P − Pc) for Born limit scatterer (c = 1,
Γ = 0.05, solid square) and for the unitary scatterer (c = 0,
Γ = 0.005, open square). Inset is with β = 4 (c = 1, Γ = 0.06,
solid square; c = 0, Γ = 0.006, open square); (b) Experimen-
tal data from Ref[5].
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FIG. 5. Tc/Tc0 as a function of Γ/∆0 both for the Born
(c = 1) and unitary limit (c = 0) with a typical paring poten-
tial (b = 0.1).
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